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1 Classical Tsallis relative entropy
Definition 1 $S_{q}(X)$ Tsallis entropy .
$S_{q}(X)=- \sum_{x}p(_{i}\mathrm{r}.)^{q}1_{\mathrm{I}1_{q}}p(x,)$
,
$p(:\iota)=F(X=\mathrm{r})$ random $\mathrm{t}\prime ar\mathrm{i}ableX$ probabifify distribution
$1_{11_{q}}((. \mathrm{r}.)=\frac{x^{1-c_{I}}-1}{1-(J},$ $x\geq 0_{\dot{l}}q\geq 0$
.
$\lim_{qarrow 1}S_{q}(X)=S(X)=-\sum_{x}p(x)\log p(x)$
, Shannon elltropy t .
Definition 2 $A=\{a_{1}.a_{\underline{?}}., \ldots a_{n}\}_{l})B=\{b_{1}, b_{2j}\ldots, b_{n}\}$ 2 probabilitzJ
$d?,\cdot str\mathrm{i}b\tau|_{1}\mathrm{f}.?,\cdot \mathit{0}’\hslash$







. $\mathrm{K}\iota\iota 11f\supset \mathrm{a}\mathrm{c}\mathrm{k}$-Leibler information .
Proposition 1 Tsalli.s $re,lat\dot{\tau,}\iota\prime e\theta,7$},$tropy$ .
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(1)(Nonnegativity): $D_{q}(A|B)\geq 0$ .
(2) (Symmetry):
$D_{q}(a_{\pi(1\rangle,\ldots\prime}.a_{\pi(n\rangle}|b_{\pi(1)}, \ldots, b_{\pi(n)})=D_{q}(a_{1},$ $\ldots,$
$a_{\eta}.|b_{1,i}\ldots b_{n}\rangle$ .
(3) (Possibility of extension):





$A^{(1)}\rangle\langle A^{(2)}=\{a_{j}^{(1)}a_{j}^{(2)}|a_{j}^{(1)}\in A^{(1)}, a_{j}^{\{2)}\in A^{(2)}\}$,
$B^{(1)}\mathrm{x}B^{(2\rangle}=\{b_{j}^{(1\rangle}f_{j}^{(2)}r|b_{j}^{(1)}\in B^{\langle 1)}, b_{j}^{(2)}.\in B^{(2)}\}$ .
(5) (Joint convexity): $0\leq\lambda\leq 1,$ $q\geq 0$ . $A^{(\mathrm{i})}=\{a_{j}^{(i)}\},$ $B^{(i\}}=\{b_{j}^{\langle i)}\},$ $(\mathrm{i}=1,2)\}$
,
$D_{q}(\lambda A^{\langle 1\rangle}+(1-\lambda)A^{(2)}|\lambda B^{(1)}+(1-\lambda)B^{(2)})$
$\leq$
$\lambda D_{q}(A^{\langle 1\rangle}|B^{(1\rangle})+(1-\lambda)D_{q}(A^{(2\rangle}|B^{(2)})$ .
(6) (Strong additivity):
$D_{q}(a_{1}, \ldots, a_{i-1}, a_{i_{1}}, a_{i_{2}}, a_{i+1_{\dot{i}}}\ldots, a_{n}|b_{1}, \ldots, b_{i-1}, b_{\dot{\tau.}\iota}, b_{i\mathrm{z}}, b_{i+1,\ldots\prime}.b_{\tau},)$
$=$ $D_{q}(a_{1}$ , .. ., $a_{n}|b_{1}$ , . . . , $b_{n})+b_{i}^{1-q} \mathrm{r}\iota_{i}^{\eta}D_{q}(\frac{a_{i_{1}}}{a_{i}})\frac{a_{i_{2}}}{a_{\dot{r}}}|\frac{b_{\mathrm{i}_{1}}}{b_{i}},$$\frac{b_{i_{2}}}{b_{i}})$ ,
$a_{\mathrm{i}}=a_{\dot{\gamma}_{1}}.+a_{i_{2}}.b_{i}=b_{\mathrm{i}_{1}}+b_{i_{2}}$ .
Proof.
(1): -lnq( $\alpha$) $\mathrm{I}\mathrm{l}\mathrm{v}\mathrm{e}.\mathrm{x}\mathrm{f}\iota\iota \mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ 6.
$D_{\mathit{1}},(A|B) \equiv-\sum_{\mathrm{j}=1}^{n}a_{j}\ln_{q}\frac{b_{j}}{a_{j}}\geq-\ln_{q}(\sum_{j=1}^{n}a_{j}\frac{b_{j}}{a_{j}})=0$.
(2), (3) (4): .




(6): $q\geq 0$ function $L_{q}$ .
$L_{q}(.\cdot r_{\mathrm{i}\prime/)\equiv}.$. $\ln_{q}\frac{\frac{?}{}}{x}$ .
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.
$a_{i_{1}}=\zeta\iota_{j}.(1-s),$ $a_{i_{2}}=a_{i}s,$ $b_{\dot{\tau}_{1}}.=b_{i}(1 - t),$ $b_{i_{2}}=b_{i}t$ .
$L_{q}(_{(r,.r?/1}.\mathrm{I}^{J}\cdot 2_{j}..\cdot)|l/2=\not\in.\iota_{2}L_{q}(|x_{1},$ $y_{1})+x_{1}L_{q}(’.\mathrm{r}_{2J2}.,$$?)+(q-1)L_{q}(x_{1},$ $y_{1})L_{Q}(x_{2},$ $y_{2})$ .
$\triangleright\backslash$ . q.e.el.
Remark 1 .
(1) Proposition 1 (1) $S_{q}(A)\leq\ln_{q}n$ .
(2) $Propos\uparrow,\cdot t_{l}\mathrm{i}on\mathit{1}U)(\mathit{4})$ \ddagger $\text{ }$
$S_{q}(A^{(1)}\mathrm{x}A^{(2)})=S_{q}(A^{\langle 1)})+S_{q}(A^{(2\rangle})+(1-q)S_{q}(A^{(1\rangle})S_{q}(A^{(2)})$ .
(3) Proposition 1 $\text{ }(\mathit{5})1^{-}\text{ }$
$S_{q}(\lambda A^{(1)}+(1-\lambda)A^{(\underline{?})})\geq\lambda S_{q}(A^{(1)})+(1-\lambda)S_{q}(A^{(2)})$ .
(4) $Propos\dot{r.}t\mathrm{i}o71,\mathit{1}$ (6)
$S_{c_{\mathit{4}}}(a_{1\dot{r}}\ldots, a_{i-1}., a_{i_{1}}, a_{i_{2}\dot{r}}a_{i+1}, \ldots, a_{n})$
$=$ $S_{q}(a_{1\backslash } \ldots.a_{\mathrm{i}-1}, a_{i}, a_{i+1}, \ldots, a_{n}.)+a_{?}^{q}.S_{q}(\frac{a_{i_{1}}}{a_{i}}, \frac{a_{i_{2}}}{a_{i}})’.$.
A. $\mathcal{B}$ 2 finite $\sigma 11\mathrm{p}11_{\mathrm{C}}\backslash 1$} $\mathrm{e}\mathrm{t}$ sets $W=\{W_{ji}\},$ $(i=1, \ldots, n_{J},j=1, \ldots m)\dot{\prime}$ $A$ .
$B$ tranls.ition probability matrix . $\sum_{j=1}^{m}Wji=1,$ $\mathrm{i}=1,2,$ $\ldots,$ $n$
. $A=\{a_{?}^{(in)}.\cdot\}jB=\{b_{i}^{(in)}\}$ $A$ 2 $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{l}\supset \mathrm{a}\mathrm{b}\mathrm{i}\mathrm{I}\mathrm{i}\mathrm{t}\mathrm{y}\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{b}\iota\iota \mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$
. $\mathcal{B}$ probability $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{x}\cdot \mathrm{i}\mathrm{l}$)$1\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}WA=\{a_{j}^{out)}.\}_{)}WB=\{b_{j,\vee}^{(out\rangle}.\}$
.
$a_{j}^{(\mathit{0}\tau\iota t)}= \sum_{\dot{\mathrm{z}}=1}^{n}a_{i}^{(i\tau\uparrow)}W_{7^{i_{\dot{i}}}}$. $b_{j}^{(out)}= \sum_{\dot{\mathrm{z}}=1}^{n}b_{i}^{(in\rangle}W_{ji}$ .
Proposition 2 $q\geq 0$ .
$D_{q}(WA|WB)\leq D_{q}(A|B)$ .
Proof. generalized $\log- \mathrm{S}1\iota \mathrm{n}1\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{q}\iota \mathrm{l}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}(1)$ .













2 Quantum Tsallis relative entropy
Definition 3 $\rho.,$ $\sigma$ 2 density operators . $0\leq q<1$
$D_{q}(\rho|\sigma)$ quantum Tsallis relative entropy $\backslash$ .
$D_{q}( \rho|\sigma)=\frac{1-Tr[\rho^{q}\sigma^{1-q}]}{1-q}$ .
Umegaki [14] { quantuml relative entropy
.
$U(\rho|\sigma)=Tr[\rho(\log\rho-\log\sigma)]$ .
$D_{q}(\rho|\sigma)$ $0\leq q\leq 2$ . $0\leq q<1$ {
$D_{2-q}(\rho|\sigma),$ $1<q\leq 2$ $D_{q}(\rho|\sigma)$ .
Proposition 3 (1), (2) .
(1) $D_{q}(\rho|\sigma)\leq U(\rho|\sigma)\leq D_{2-q}(p|\sigma)$ for $0\leq q<1$ .
(2) $D_{2-q}(\rho|\sigma)\leq U(\rho|\sigma)\leq D_{q}(\rho|\sigma)$ for $1<q\leq 2$ .
Proof. $x>0,$ $t>0$
$\frac{1-x^{-t}}{t}\leq\log x\leq\frac{x^{t}-1}{t}$
$a,$ $b,$ $t>0$ .
$a( \frac{1-a^{-t}b^{t}}{t})\leq a\log\frac{a}{b}\leq a(\frac{a^{t}b^{-t}-1}{t}\rangle$ . (2)








. $1-q=t(>0)$ Proposition 5
(1) . $q-1=t(>0)$ Proposition 5 (2) , q.e.d.
$p_{\dot{J}}\sigma$ : strictly positive operators relative operator entropy $S(\rho|\sigma)$








. Hiai-Petz [8] .
$U(\rho|\sigma)\leq-Tr[S(\rho|\sigma)]$ .











Theorem 1 $p,$ $\sigma$ strictly positive density operators . $0\leq q<1$
.
$D_{q}(\rho|\sigma)\leq-Tr[T_{q}(p|\sigma)]$ .
Proof. $\alpha$-power nueall # .
$A\beta_{\alpha}B\equiv A^{1/2}$ (A-1/2BA- /2)-A1/2.
[8] Theorem 34 $\alpha\in[0,1]$
$Tr[e^{A}{}_{r}\mathrm{H}_{\alpha}e^{B}]\leq Tr[e^{\langle 1-\alpha)A+\alpha B}]$ .
$A=\log\rho,$ $B=\log\sigma$ .
$Tr[\rho_{r}\mathrm{H}_{\alpha}.\sigma]\leq Tr[\epsilon^{\log\rho^{1-\alpha}+\log\sigma^{\alpha}}.]$ .
Golden-Thom pson inequality Hermitian operators $A,$ $B$ $Tr[e^{A+B}]\leq$
$Tr[e^{A}.e^{B}]$ .
$Tr[e^{\log\rho^{1-\alpha}+\log\sigma^{\alpha}}]\leq Tr[e^{\log\rho^{1-\alpha}}e^{1\circ \mathrm{g}\sigma^{\alpha}}]=Tr[\rho^{1-\alpha}\sigma^{\alpha}]$ .
$tr[p^{1/2}(\rho^{-1/2}\sigma\rho^{-1/2})^{\alpha}\rho^{1/2}]\leq Tr[p^{1-\alpha}\sigma^{\alpha}]$.
$\alpha=1-q$ . q.e.d.




Proposition 4 $\beta,\cdot\sigma$ density operators . $0\leq q<1$ (1) $\sim(4)$
.






(4) (Invariance): unitary transformation $U$
$D_{q}(U\rho U^{*}|U\sigma U^{*})=D_{q}(\rho|\sigma)$ .





$\sigma$ density operators (1) ,
(2): .
(3): Lieb’s theoreml operator $Z$ $0\leq t\leq 1$ fnnctional $f(A, B)\equiv$
$Tr[Z‘ A^{t}.ZB^{1-t}]$ positive operators $A,$ $B$ jointly concave .
(4): Stone-Weierstrass approxim ation theorem . q.e.d.
Theorem 2 $trace- presean|\mathrm{i}ng$ conzpletely positive hnear map $\Phi$ density
operaton $\rho.,$ $\sigma$ $0\leq c\mathit{1}<1$ .
$D_{q}(\Phi(\rho)|\Phi(\sigma))\leq D_{q}(\rho|\sigma)$ .
Proof. [9] .
$\mathrm{c}\mathrm{o}\mathrm{n}\backslash 1$) $\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{e}$ systcm AB partial $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}Tr_{B}$ $D_{q}(\rho|\sigma)$ monotonicity
. $p^{AB},$ $\sigma^{AB}$ composite system AB density operators . [10]
unitary operators $U_{j}$ probability $pj$ .
$\rho^{A}\otimes\frac{1}{n}=\sum_{j}p_{j}(I\otimes U_{j})\rho^{AB}(I\otimes U_{j}\rangle^{*}$ ,
$n$ systelll $B$ , $I$ system $B$ identity operator, $\rho^{A}=Tr_{B}[\rho^{AB}],$ $\sigma^{A}=$









$D_{q}( \rho^{A}\otimes\frac{1}{n}|\sigma^{A}\otimes,.\frac{1}{\prime n})=D_{q}(\rho^{A}|\sigma^{A})$ ,
$\acute{\mathrm{t}}\ovalbox{\tt\small REJECT}$
$D_{q}(Tr_{B}[\rho^{AB}]|Tr_{B}[\sigma^{AB}])\leq D_{q}(\rho^{AB}|\sigma^{AB})$. (3)
[11] $\mathrm{t}_{\Gamma \mathrm{a}\mathrm{c}\mathrm{e}}1^{)\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\tau.\mathrm{r}\mathrm{v}\mathrm{i}}.\zeta \mathrm{n}\mathrm{g}$ l positive linear nlap $\Phi$ total systenl AB
nnitary operator $U^{\Lambda B}$ sttbsystenz $B$ projection(pure state) $P^{B}$ (
$\mathrm{F}\text{ _{}\iota}h\xi_{l}$ .
$\Phi(\rho^{A})=Tr_{B}[U^{AB}(\rho^{A}\otimes P^{B})(U^{AB})^{*:}$ .
(3) $D_{q}(\rho|\sigma)$ unitary invariance .
$D_{q}(\Phi(\rho^{A})|\Phi(\sigma^{A}))$
$\leq$ $D_{q}(U^{AB}(\rho^{A}\otimes P^{B})(U^{AB})^{*}|U^{AB}(\sigma^{A}\otimes P^{B})(U^{AB})^{*})$
$=$ $D_{q}(\rho^{A}\otimes P^{B}|\sigma^{A}\otimes P^{B})$
$=$ $D_{q}(p^{A}|\sigma^{A})$ .
q.e.d.
Col.ollary 2 trace-presearving completely positive hnear map $\Phi$ density
operator $\rho$ $0\leq q<1$ .
$H_{q}(\Phi(\rho))\geq H_{q}(\rho)$ ,
$H_{q}(X)= \frac{Tr[X^{q}]-1}{1-q}$
quantum Tsallis entropy .
3 Generalized Tsallis relative entropy
Definition 4 $pos\mathrm{i}t\mathrm{i}\cdot ve$ operators $A,$ $B$ $q\in[0,1)$ $D_{q}(A||B)$
.
$D_{q}(A||B)= \frac{Tr[A]-Tr[A^{q}B^{1-q}]}{1-q}$ .




Theorem 3 $pos\mathrm{i}t,ive$ operators $A_{1}$ , A2, $B1,$ $B2$ $0\leq q<1$
$s\cdot nbadd\mathrm{i}t\mathrm{i}_{8\prime}\mathrm{i}t\mathrm{z}/$ .
$D_{q}(A_{1}+A_{2}||B_{1}+B_{2})\leq D_{q}(A_{1}||B_{1})+D_{q}(A_{2}||B_{2})$ . $(5.\mathrm{I}$




$D_{q}( \alpha A||\beta B)=\alpha D_{q}(A||B\rangle-\alpha\ln_{q}\frac{\beta}{\alpha}Tr[A^{q}B^{\mathrm{I}-q}]$ .






Theorem 4 positive opemtors $A,$ $B$ $0\leq q<1$
,
$D_{q}(A||B) \geq\frac{Tr[A]-(Tr[A])^{q}(Tr[B])^{1-q}}{1-q}$ .
Proof. Holder’inequaiity $Tr[|X|^{s}]<\infty,$ $Tr[|Y|^{\mathrm{f}}]$ $\infty$ bounded
linear operators $X,$ $Y$ $1/s+1/t=1$ $1<s<\infty,$ $1<t<\infty$
.
$|Tr[XY]|\leq Tr[|X|^{s}]^{1/s}Tr[|Y|^{t}]^{1/t}$ .
$X=A^{q},$ $Y=B^{1-q},$ $s=1/q,$ $t=1/(1-q)$
$Tr[A^{q}B^{1-q}]\leq(Tr[A]\rangle^{q}(Tr[B])^{1-q}$
. q.e.d.
4 Tsallis relative operator entropy
Hilbert space $H$ bounded linear operator $T$ $x\in H$ $(Tx_{j}x)\geq 0$
positive $T\geq 0$ . $T$ invertible positive
strictly positive U\ $T>0$ . Tsallis relative operator entropy
,
Definition 5 ([5]) $A>0,$ $B>0$ $0<\lambda\leq 1$
$\ovalbox{\tt\small REJECT}(A|B)=\frac{A^{1/2}(A^{-1/2}BA^{-1/2})^{\lambda}A^{1/2}-A}{\lambda}$
$A$ $B$ Tsallis relative operator entropy .
$T_{\lambda}(A|B)$ [5] . Tsallis relative operator entropy
Shannon type $\mathrm{o}\mathrm{l}\supset \mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}$ inequality inequality .
Theorem 5 $\{A_{1}, A_{2}, \ldots, A_{n}\}\text{ }\{B_{1}, B_{2}, \ldots, B_{n}\}$ \yen : Hilbert space $H-\mathrm{h}\sigma$) stnictly positive





Lem ma 1 $t>0$ $\lambda(0<\lambda\leq 1)$ inequality .
$\frac{t^{\lambda}-1}{\lambda}\leq t-1$ .
Proof. $t=1$ . $t\neq 1$ . $F(\lambda)=\lambda(t-1)-t^{\lambda}+1$ .
$F’(\lambda)=t-1-t^{\lambda}\log t$ $F^{Jl}(\lambda)=-t^{\lambda}(\log t)^{2}<0$ . $F(\lambda)$ concave function
. $F(0)=F(1)=0$ . q.e.d.










inequality . $f(x)=-x^{-\lambda},$ $c_{j}=A^{1/2}$. $X_{j}=A_{j}^{1/2}B_{j}^{-1}A_{j}^{1/2}$






Theorem 5 corolary Rlruta [6] Shannon inequalty
inequaiity operaior .
Corollary 3 (Furuta [6]) $\{A_{1}, A_{2}, \ldots, A_{n}\}$ & $\{B_{1}, B_{2}, \ldots, B_{n}\}$ it Hilbert space $H\downarrow \mathrm{C}\mathrm{D}$
strictly positive operator 2 $\sum_{j=1}Aj=\sum_{j=1}Bj=I$ ,
.
$0 \geq\sum_{j=1}^{n}A_{j}^{1/2}(\log A_{j}^{-1/2}B_{j}A_{j}^{-1/2})A_{j}^{1/2}\geq-\log[\sum_{j=1}^{n}A_{j}B_{j}^{-1}A_{j}]$ .
Corollary 3 [6] Corollary 2.4 1 . section $\mathrm{T}\mathrm{s}\mathrm{a}11\mathrm{i}\mathrm{s}^{\backslash }$
relative operator entropy , .
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5 Generalized Tsallis relative operator entropy
$\mathrm{r}\mathrm{t}^{\backslash }.1_{\dot{C}}\iota \mathrm{f}\cdot \mathrm{i}\mathrm{v}\epsilon_{-}^{1}$ operator $\mathrm{C}\mathrm{l}x\mathrm{t}.1^{\cdot}\mathrm{o}\mathrm{p}\mathrm{y}$ rclatcd opcrator cntropy .
Deflnition 6 $A>0,$ $B>0$
$S(A|B)=A^{1/-}.,(1_{5\mathrm{J}}\mathrm{g}^{7}A^{-1/2}BA^{-1/\underline{)}}‘)A^{1/9}\sim$
$A$ $B$ $\tau\cdot\epsilon^{J}.lnt\mathrm{i}\cdot\prime\prime r^{J}op\mathrm{r}.\tau\cdot r|,\mathrm{i}or$ entropy . $F_{1l}..ii\mathrm{i}$ and Kamei[4]
4 $A>0.B>0$ $\lambda\in \mathbb{R}$ , $g\epsilon’n,\epsilon^{\mathrm{i}}.rr’,l\dot{\uparrow.}zed$ retative operator $er’.t_{77\mathit{1}}.p\cdot.\mathrm{t}/$
$\Gamma^{f}?\iota r\uparrow/.\dagger a[6]$ .
$S_{\lambda}(A|B)=A^{1/2}(A^{-1/2}BA^{-1/arrow)}.)^{\lambda}(\log A^{-1/2}BA^{-1/2})A^{1/2}$ ,
$A_{\acute{i}\lambda}‘ B=A^{1/\mathit{2}}.(A^{-1/\underline{\cdot)}}BA^{-1/2})^{\lambda}A^{1/2}$ .
$S(A^{1}|B)=S_{0}(A|B).,$ $A^{1}’.(|B=A,$ $A;_{1}B=B$ .
$\mathrm{T}\mathrm{s}_{\epsilon}^{t}\iota 11\mathrm{i}^{\zeta\backslash }.$, relative operator entropy 4
Definition7 $A>0,$ $B>0,$ $\lambda.’/$. $\in \mathbb{R}.,$ $\lambda\neq 0,$ $t,\cdot\in \mathbb{Z}$
$\tilde{T}_{/\iota,k,\lambda}(A|B)=.\frac{A_{/;.+l\lambda}\prime B-A_{\triangleleft_{f4+(k-1\}\lambda}}^{\triangleright}.B}{\lambda}$
$gt^{)}.7l,e7^{\backslash }al\dot{?}zc.dT.\backslash \cdot al,l\dot{r,}.\mathrm{s}rel.t’\dagger.\mathrm{i}\cdot\iota’ e$ operator entropy . $\lambda\neq 0$
\lambda
$(A|B)=., \frac{A_{\lambda}^{\triangleleft}B-A_{0}^{\mathrm{r}}B\prime}{\lambda}=.\frac{A^{1/)}\sim(A^{-1/\underline{\cdot)}}BA^{-1/\supset}\sim)^{\lambda}A^{1/2}-A}{\lambda}.=T_{\lambda}(A|B)$ .
$S_{k},\pm k.\lambda(A|B),$ $S,,\pm(k+1\rangle$ $\lambda(A|B)$ $\tilde{T}_{/\mathrm{t},k+1,\pm\lambda}.(A|B\rangle$ .
Proposition 5 $\lambda>0.//$. $\in \mathbb{R},$ $k=0.1_{J}.2_{J}\ldots$ . .
(1) $S_{/\iota-(k+1)\lambda}(A|B)\leq\tilde{T}_{\mu,k+1,-\lambda}(A|B)\leq S_{\mathrm{g}_{l}.-k\lambda}(A|B)$ .
(2) $S_{l+\lambda\cdot\lambda},(A|B)\leq\tilde{T}_{t},,\iota\cdot.+1,\lambda(A|B)\leq S_{/’+\langle k+1)\lambda}(A|B).\cdot$
Proof. $\lambda>0.\ell($. $\in \mathbb{R},$ $k=0.1.2_{:}\ldots$ $t>0$ $\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{c}1\iota 1\mathrm{a}1\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{c}1\sigma^{1}$ .
$t’,’-( \mathrm{A}\cdot.+1)\lambda\log t\leq.\frac{t^{1^{\prime.-(h+1)\lambda}}-t^{\mu.-k\lambda}}{-\lambda}.\leq t^{/x-k\lambda}.\log t$ ,
$t^{\mu\cdot+k\lambda}$
.
Iog $r$. $\leq’\frac{t^{l^{t\cdot+(k+1)\lambda}}-t/:+\iota\cdot x}{\lambda}.\leq t^{\mu+\langle k+1)\lambda}.\log t$ .
$t$. $A^{-1/)}.arrow BA^{-1/2}$ $A^{1/2}$ .
$(1\cdot \mathrm{e}^{1}..\mathrm{d}$.
$k=0$ 1 .
Corollary 4 $A>0_{:}B>0_{:l}/_{\mathfrak{l}}\in \mathbb{R},$ $\lambda>0$
$S_{-2\lambda},,(A|B)\leq\tilde{T}_{\mu,2,-\lambda}(A|B)\leq S_{/},.-\lambda(A|B)$
$\leq$ $\tilde{T}_{l^{\iota,1,-\lambda}}(A|B)\leq S_{\mathit{1}},.(A|B)\leq\tilde{T}_{\mu,1,\lambda}(A|B)$
$\leq$ $S_{/\iota+\lambda}(A|B)\leq\tilde{T}_{\mathit{1}^{t,2_{\tau}\lambda}}(A|B)\leq S_{/\iota+2\lambda}(A|B)$ .
225




$\leq$ $S_{1}(A|B)\leq\tilde{T}_{\mathrm{f}1,2,1}(A|B)\leq S_{\mathit{1}}.(A|B)$ .
$S_{-\sim)}.(A|B)\leq AB^{-1}A-AB^{-1}AB^{-1}A\leq S_{-1}(A|B)$
$\leq$ $A-AB^{-1}A\leq S(A|B)\leq B-A$
$\leq$ $S_{1}(A|B)\leq BA^{-1}B-B\leq S_{2}.(A|B)$ .
$\sum_{j=1}^{\eta}.S_{l},\pm k\lambda(A_{j}|B_{j}),$ $s?’.m^{n}j=1s_{\pm(l^{\neg}+1)\lambda},t.(A_{j}|B_{j})$ $\sum_{j=1}^{n}\overline{T}_{\mathrm{g}\iota,k+1,\pm\lambda}(A_{i}.|B_{j}.)$
. $A_{j}.>0,$ $B_{j}>0$ $\sum_{j=\mathrm{I}}^{n}A_{j}=\sum_{j=1}^{n}.B_{j}=I$ .








{$\iota=0_{:}\lambda=1$ [6] Corollary .
$\mathrm{C}\circ \mathrm{I}^{\cdot}01\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{y}7\sum_{j=1}^{\eta}.A_{j}=\sum_{j=1}^{n}B_{j}=I$
$\backslash i|1\tau|\mathrm{i}$ f\sim - $A_{j}>0,$ $B_{j}>0$ .
$\sum_{j=1}^{n}S_{-\sim\supset}.(A_{j}|B_{j})\leq\sum_{j=1}^{n}A_{f}.B_{j}^{-1}A_{j}-\sum_{j=1}^{n}A_{\mathrm{j}}B_{j}^{-1}A_{j}B_{j}^{-1}A_{j}$
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